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Theory: Growth
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Models and Model Parameters

LS (Langer-Schwartz) and KWN (Kampmann and Wagner Numerical) Approach 
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Models: Growth Rate
Available models
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Models: Growth Rate

Available models

T.Sourmail, Ph. D Thesis, Univ. Cambridge, 2002

 Similarity-Supersaturation

 Thermodynamic Extremum Principle 

Svoboda J, Fischer FD, Fratzl P, Kozeschnik E. Mater Sci Eng A, 385(2004)166
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Models: Growth Rate
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Models: Growth Rate
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Models: Growth Rate
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Models: Growth Rate

Para-equilibrium and Non-partitioning local equilibrium



10/115

Models: NPLE and Para-eq.

Models to handle NPLE (non partitioning local equilibrium) 
and para-equilibrium were introduced several years ago. 

These models deal with fast diffusion processes and are  
additions to the Simplified growth rate model.

These models need only to consider the movement of the fast
diffusing specie, usually an interstitial such as C or N.

The new (2023) PE Automatic model enables a smooth 
transition from Paraequilibrium growth rate model to
Simplified growth rate model. The rate of transition 
process is dependent on the relative differences in
diffusion between C and substitutional elements, 
as well as the differences in driving force between 
PE and Ortho-Equilibrium (i.e. Local Eq.).
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Models: Growth Rate

The non-zero volume correction 

Chen MK, Voorhees PW, Modeling and simulation in materials 
science and engineering 1993;1:591-612.
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Ortho-eq vs Para-eq

Fe-0.26C-0.11Cr at T= 773 K

Exp. Sakuma1980
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Ortho-eq vs Para-eq

Exp. Ghosh1999

Fe-16.08Co-4.97Ni-0.71Cr-2.82Mo-0.247C

Ultra-high-strength steel at T= 783 K
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Precipitate Shapes
Needle  

(Prolate Spheroid)

Plate 
(Oblate Spheroid)

2r

2r

2l

2l

 Interfacial Energy Anisotropy*

 Elastic Strain Energy

o Elastically Isotropic or Cubic Systems
o First Approximation: Elastically Homogenous 
o Eshelby’s Theory**

 Particle Shape

o Determined by Minimization of Combined 
Interfacial Energy and Elastic Energy

o User-Defined, Fixed Value

* C.A. Johnson, Surf. Sci. 3(1965)429

** J.D. Eshelby, Pro. Roy. Soc. A, 241(1957)376 
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Effect on Growth Rate
Needle*** 

(Prolate Spheroid)

Plate*** 
(Oblate Spheroid)

 Interfacial energy anisotropy*

 Shape Effect

o Assumption of Shape Conserving Concentration 
Field**

* C.A. Johnson, Surf. Sci. 3(1965)429

o Generalized Gibbs-Thomson Effect

** F.S. Ham, Quart. Appl. Math., 17(1959)137;  J Phys. Chem. Solids, 6(1958)335 

R: Radius of Equivalent Sphere

*** http://http://mathworld.wolfram.com 

K. Wu, Q. Chen, P. Mason, J Phase Eq. Diffus. 39(2018)571-583.
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Effect on Growth Rate

R: Radius of Equivalent Sphere

K. Wu, Q. Chen, P. Mason, J Phase Eq. Diffus. 39(2018)571-583.

Needle

Plate

Aspect ratio

Eccentricity

஢ 𝒔𝒉𝒑α

6.810.0

10.015.0

13.120.0

஢ 𝒔𝒉𝒑α

3.310.0

4.415.0

5.420.0
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Examples
Ni alloys



18/115

TC-PRISMA Example
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TC-PRISMA Example 1
System

TCNI12 + MOBNI6Database package

Ni, Al, CrElements

DIS_FCC_A1Matrix phase

FCC_L12#2Precipitate phases
Conditions

Ni – 9.8 Al – 8.3 Cr (at.%)Composition

800 °CTemperature

1E6 sSimulation time

Nucleation Site Type: BulkNucleation properties

Data Parameters – Interfacial Energies

CalculatedInterfacial Energy

DIS_FCC_A1: from databaseMolar Volume (Matrix phase):

FCC_L12#2: from databaseMolar Volume (Precipitate phase):
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TC-PRISMA Example 1
Strange result for Volume fraction compared with experimental data 
from Sudbrack when the setup on previous page is used:

Also not a very good fit for mean radius as function of time.
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TC-PRISMA Example 1
System

TCNI12 + MOBNI6Database package

Ni, Al, CrElements

DIS_FCC_A1Matrix phase

FCC_L12#2Precipitate phases
Conditions

Ni – 9.8 Al – 8.3 Cr (at.%)Composition

800 °CTemperature

1E6 sSimulation time

Nucleation Site Type: BulkNucleation properties

Data Parameters – Interfacial Energies

CalculatedInterfacial Energy

DIS_FCC_A1: from databaseMolar Volume (Matrix phase):

FCC_L12#2: from databaseMolar Volume (Precipitate phase):

8.9 Cr
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TC-PRISMA Example 1

Using Ni – 9.8 Al – 8.9 Cr (at-%)
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Ni-8Al-8Cr and Ni-10Al-10Cr
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System

NIDEMO + MNIDEMODatabase package

Ni, Al, CrElements

DIS_FCC_A1Matrix phase

FCC_L12#2Precipitate phases
Conditions

Ni – 10 (8) Al – 10 (8) Cr (at.%)Composition

940 - 380 °C Temperature

2400 s Simulation time

Nucleation Site Type: BulkNucleation properties

Data Parameters – Interfacial Energies

Bulk: 0.023 J/m2Interfacial Energy

DIS_FCC_A1: from databaseMolar Volume (Matrix phase):

FCC_L12#2: from databaseMolar Volume (Precipitate phase):

1 (i.e. no change) Mobility Enhancement Factor

Ni-alloy Example 2
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Ni-alloy Example 2
Ni – 8 Al – 8 Cr
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Ni-alloy Example 2
Ni – 10 Al – 10 Cr
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Ni-alloy Example 2
Ni – 8 Al – 8 Cr
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Ni-alloy Example 2
Ni – 10 Al – 10 Cr
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Parameters for Multi-Modal Distribution

• Kurtosis
 Measurement of Peakedness

• Excess Kurtosis

 Larger excess kurtosis, more 
distribution on peak and tail

Information from Wikipedia
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Radius
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Parameters for Multi-Modal Distribution
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Ni-10Al-10Cr and Ni-8Al-8Cr

Exp
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Vertical phase diagram
section in Ni-xAl-xCr

Thermodynamic driving force

Ni-10Al-10Cr and Ni-8Al-8Cr
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Nucleation rateThermodynamic driving force

Ni-10Al-10Cr and Ni-8Al-8Cr
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U720Li

 Databases: TTNI8+MOBNI1

Precipitation Kinetics during Continuous Cooling

* Radis et al., Superalloys 2008 ** Mao et al., Metall. Mater. Trans. A, 32A(10) 2441(2001)

2**1*wt.%

2.462.53Al

0.014B

0.0250.014C

14.7514.43Co

16.3515.92Cr

0.060.09Fe

3.022.96Mo

4.994.96Ti

1.31.26W

0.035Zr

BalBalNi

 
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U720Li : Cooling Rate Effect

Size Distribution

Particle Radius (nm)
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Regression line for calculated results
Calculated using Radis et al.'s composition
Calculated using Mao et al.'s composition

Mean Particle Size
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Inconel 718

Co-Precipitation of  and  from FCC () ---
Complex example to try on your own.

Microstructure of IN718**** R. Cozar and A. Pineau, Metall Trans. B 4(1973)47

NiTiAlMoNbCrFe

Bal.0.970.52.995.317.918.14

Chemical Composition (wt.%)*

* A. Devaux et al. Mater. Sci. Eng. A 486(2008)117

 BCT DO22
(001) ||{001} , 
[100] ||<100> 

 FCC L12

o  : Sphere +  : Plate

o  misfit strain from database

o * : 
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Results - IN718 example

*  Experimental Data and Picture from A. Devaux et al. Mater. Sci. Eng. A 486(2008)117; M. Sundararaman et 
al., Met. Trans. A, 23(1992)2015

Databases: TCNI8+MOBNI4 
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Examples
Steel
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Multi-precipitates
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Steel Example 1
System

TCFE13 + MOBFE8Database package

Fe, Cr, CElements

Bcc_A2Matrix phase

M23C6, M7C3, CementitePrecipitate phases
Conditions

Fe – 12 Cr – 0.1 C (wt.%)Composition

1053 KTemperature

1e6 sSimulation time

Nucleation Site Type: Grain 
Boundaries

Nucleation properties

Data Parameters–Interfacial Energies

0.167 J/m2Cementite

0.252 J/m2M23C6

0.282 J/m2M7C3

To include already existing size distributions – see Example 2
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Steel Example 1
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Steel Example 2
Same as Ex 1 but starting from already existing particle 
distributions of all three carbides, with small mean radius. 

LSW
Normal
Log normal
From File
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Steel Example 2
Initial Particle Size Distribution

CEMENTITEPhase

Cr 71.4 wt.%Initial composition

LSW with mean radius 1.0e-8mDistribution

0.001 (volume fraction)Amount

Initial Particle Size Distribution

M23C6Phase

Cr 69.3 wt.%Initial composition

LSW with mean radius 1.0e-8mDistribution

0.0015 (volume fraction)Amount

Initial Particle Size Distribution

M7C3Phase

Cr 82.9 wt.%Initial composition

LSW with mean radius 1.0e-8mDistribution

0.0015 (volume fraction)Amount
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Steel Example 2
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System

TCFE13 + MOBFE8Database package

Fe,C,Cr,Mn,Ni,SiElements

Fcc_A1Matrix phase

M23C6Precipitate phase

Number of grid points: 15
Maximum number of grid points: 20
Minimum number of grid points: 10

- Phase fraction = 0.001Conditions      – TTT diagram 

Fe-0.068C-20.89Cr-1.61Mn-10.28Ni-0.49Si (wt.%)Composition 

500 °C, 860 °C, 20 °CTemperature 

1E7 sSimulation time

Nucleation Site Type: Grain Boundary, Grain size 
100 m

Nucleation properties

Data Parameters

Grain Boundary: CalculatedInterfacial Energy

Steel Example 3 – TTP 
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Steel Example 3
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Example
Para-Equilibrium
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Para-equilibrium

Both

Ortho-eq

Para-eq

Bcc + Fcc equilibria
in Fe – Mn – C 
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Example: Para-equilibrium or not?
Precipitation of cementite during tempering of martensite in a Fe-Mn-C steel.
Consider three different interface conditions: the usual ortho-equilibrium condition, 
para-equilibrium condition, and a smooth transition from para-equilibrium to ortho-
equilibrium condition using the new PE Automatic growth rate model.

The simulation results can be compared with the experimental data from Miyamoto 
et al. [2007Miy].

Martensite will be represented by BCC_A2 which requires some considerations 
about mobility and also grain size and grain shapes.

[2007Miy] G. Miyamoto, J. Oh, K. Hono, T. Furuhara, T. Maki, Effect of partitioning of Mn and Si on the growth kinetics of 
cementite in tempered Fe–0.6 mass% C martensite. Acta Mater. 55, 5027–5038 (2007).

Image from Wikipedia
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0.008Mobility Adjustment factor
- 70000 J/molActivation energy

System

TCFE13 + MOBFE8Database package
Fe, Mn, CElements
BCC_A2Matrix phase
CementitePrecipitate phase

Conditions
Fe- 0.61 C- 1.96 Mn (wt-%)Composition 
650 °C Temperature 
1E6 s  (5 s for PE)Simulation time
Simplified / Para-eq / PE AutomaticGrowth rate models
Nucleation Site: Grain boundariesNucleation properties

Example – Para-equilibrium or not?

Data Parameters

CalculatedInterfacial Energy
DatabaseMolar Volumes
1E-7 m / 100Grain size / Grain aspect ratio
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Example – Para-equilibrium or not?
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Link to course evaluation:

https://www.surveymonkey.com/r/6KWGXN9

We will send a course certificate by email within 
the next few days.

Email ake@thermocalc.se if you think we have 
your name and affiliation incorrect.
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